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Abstract

In this paper we prove three conjectures of Revers on Lagrange interpolation for flðtÞ ¼
jtjl; l40; at equidistant nodes. In particular, we describe the rate of divergence of the

Lagrange interpolants LNð fl; tÞ for 0ojtjo1; and discuss their convergence at t ¼ 0:We also

establish an asymptotic relation for maxjtjp1j jtjl � LNð fl; tÞj: The proofs are based on strong
asymptotics for jtjl � LNð fl; tÞ; 0pjtjo1:
r 2003 Published by Elsevier Science (USA).
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1. Introduction

Let PN be the set of all algebraic polynomials of degree at most N; and let
LNð f ; �ÞAPN be the Lagrange interpolation polynomial to a continuous function f

on ½�1; 1	 associated with the equidistant nodes
tj;N :¼ �1þ 2j=N; j ¼ 0; 1;y;N; N ¼ 1; 2;y : ð1:1Þ

The limit behavior of LNð fl; tÞ; where flðtÞ :¼ jtjl; l40; tAð�1; 1Þ; and other
related problems have attracted much attention of several generations of
mathematicians (see [1–5,8,11–18]). The story begins, like many others in
approximation theory, with Bernstein in 1916. Searching for an ‘‘elementary
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example’’ of a function whose Lagrange interpolation polynomials diverge every-
where, he outlined in [1] (see also the reprinted version [2]) the proof of the following
statement: the sequence of Lagrange interpolation polynomials to jtj at nodes (1.1)
diverges ‘‘at any interval’’ of ½�1; 1	: In fact, he proved only the estimate

jL2nð f1; tÞjXent2=ð8n3Þ; ð1:2Þ

where t is a midpoint between two consecutive nodes. The detailed proof of the
relation

lim sup
N-N

jLNð fl; tÞj ¼ N; 0ojtjo1; ð1:3Þ

for l ¼ 1 can be found in [13, pp. 30–35].
In his paper, Bernstein did not discuss the behavior of LNð f1; 0Þ as N-N;

probably because 0 is a node for all even N40: The asymptotic formula

lim
N-N

LNð f1; 0Þ ¼ 0 ð1:4Þ

was established in 1939 by Berman in his student term paper (see [13, pp. 34, 35]).
Much work has been done in the 1990s and 2000 to extend relations (1.3) and (1.4)

to la1 and to find the asymptotic behavior of LNð fl; tÞ � jtjl for tAð�1; 1Þ: In
particular, Revers [16] showed that (1.3) holds true for lAð0; 1Þ and established in
[17] the surprising formula

lim
N¼2n�1-N

NlLNð fl; 0Þ ¼ 2ð2=pÞlþ1sinðpl=2Þ
Z

N

0

yl�1

ey þ e�y
dy; ð1:5Þ

where lAð0; 1	:
Inequality (1.2) shows that the rate of divergence of the sequence fLNð f1; tÞgNN¼1

depends on the location of t in ½�1; 1	: Byrne et al. [5] amplified (1.2) by proving the
following nth root asymptotic relation for 0ojtjo1 and l ¼ 1:

lim sup
N-N

N�1logj jtjl � LNð fl; tÞj ¼ ð1=2Þðð1þ tÞlogð1þ tÞ

þ ð1� tÞlogð1� tÞÞ: ð1:6Þ

The extension of (1.6) to l ¼ 3 was given in [15].
Li and Mohapatra [11] showed that (1.6) holds true for l ¼ 1 and almost every

tA½�1; 1	 with lim supN-N
replaced by limN¼pkþ1-N; where fpkgNk¼1 is the

increasing sequence of all positive prime numbers.
Recently Revers, motivated by numerical calculations [16,17] and by aesthetic

reasons [15], conjectured that relations (1.3), (1.5), and (1.6) remain valid for all
relevant l40:
In this paper we prove these conjectures (Theorem 1, Corollaries 1 and 2).

Moreover, we establish strong asymptotics for jtjl � LNð fl; tÞ; where tAð�1; 1Þ
(Theorems 2, 4 and 5). As corollaries, we strengthen and generalize the result of Li

and Mohapatra (Theorem 3) and obtain an asymptotic relation for maxjtjp1j jtjl �
LNð fl; tÞj (Theorem 6).
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Notation. Throughout the paper l is a real number, la0; 2;y; and C denotes a
positive constant independent of M;N; n; t; y; e: The same symbol does not
necessarily denote the same constant in different occurrences. We also make use
of the following functions for tA½�1; 1	 and constants for l40:

jNðtÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
ðð1þ tÞ1þtð1� tÞ1�tÞN=2;

sðtÞ :¼
cos p

2m
; t ¼ p=m; ð p;mÞ ¼ 1;m is odd; jpjAN;

1; otherwise;

(

cðtÞ :¼
cos p

2m
; t ¼ p=m; ð p;mÞ ¼ 1; p is odd; jmjAN;

1; otherwise;

(

C1ðlÞ :¼
Z

N

0

yl�1

ey þ e�y
dy ¼ GðlÞ

XN
k¼0

ð�1Þkð2k þ 1Þ�l;

C2ðlÞ :¼
Z

N

0

yl

ey � e�y
dy ¼ Gðlþ 1Þ

XN
k¼0

ð2k þ 1Þ�ðlþ1Þ:

2. Statement of main results

We first discuss the asymptotic behavior of LNð fl; 0Þ;NAN: Since L2nð fl; 0Þ ¼ 0
for l40 and all nAN; here we study the asymptotic behavior of L2n�1ð fl; 0Þ; nAN:

Theorem 1. If l40; then

lim
N¼2n�1-N

NlLNð fl; 0Þ ¼ 2ð2=pÞlþ1sinðpl=2ÞC1ðlÞ: ð2:1Þ

Next we establish the rate of divergence of the sequence j jtjl � LNð fl; tÞj for
0ojtjo1:

Theorem 2. Let tAð�1; 0Þ,ð0; 1Þ be a fixed point.
(a) If l4� 2; then

lim sup
N¼2n�1-N

ððpN=2Þlþ2=jNðtÞÞ j jtj
l � LNð fl; tÞj

¼ ð4=pÞjsinðpl=2ÞjC1ðlþ 2Þt�2cðtÞ: ð2:2Þ

(b) If l40; then

lim sup
N¼2n-N

ððpN=2Þlþ1=jNðtÞÞ j jtj
l � LNð fl; tÞÞj

¼ ð4=pÞjsinðpl=2ÞjC2ðlÞjtj�1sðtÞ: ð2:3Þ

As immediate consequences of Theorem 2, we extend (1.6) and(1.3) to l40:
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Corollary 1. If 0ojtjo1 and l40; then (1.6) holds.

Corollary 2. If l40; then (1.3) is valid.

Next we show that (1.6) holds for almost all tA½�1; 1	 with lim supN-N
replaced

by limN-N:

Theorem 3. For l40 and almost all tA½�1; 1	;
lim

N-N

N�1 logj jtjl � LNð fl; tÞj ¼ ð1=2Þðð1þ tÞlogð1þ tÞ þ ð1� tÞlogð1� tÞÞ:

The following strong asymptotics play a crucial role in the proofs of Theorems 1,
2, and 3 and are interesting in themselves.

Theorem 4. (a) If 0pjtjo1; l40; and N ¼ 2n � 1; nAN; then

jtjl � LNð fl; tÞ ¼ � ð4=pÞsinðpl=2ÞðpN=2Þ�l cosðpNt=2ÞjNðtÞ

�
Z

N

0

ylþ1

ððpNt=2Þ2 þ y2Þðey þ e�yÞ
dyð1þ aN;1ðtÞÞ; ð2:4Þ

where jaN;1ðtÞjpCðN�1=3 þ ðNð1� t2ÞÞ�1Þ:
(b) If 0pjtjo1; l40; and N ¼ 2n; nAN; then

jtjl � LNð fl; tÞ ¼ ð4=pÞsinðpl=2ÞðpN=2Þ�lþ1
t sinðpNt=2ÞjNðtÞ

�
Z

N

0

yl

ððpNt=2Þ2 þ y2Þðey � e�yÞ
dyð1þ aN;2ðtÞÞ; ð2:5Þ

where jaN;2ðtÞjpCðN�1=3 þ ðNð1� t2ÞÞ�1Þ:
(c) If 0ojtjo1; l4� 2; and N ¼ 2n � 1; NAN; then

jtjl � LNð fl; tÞ ¼ � ð4=pÞsinðpl=2ÞC1ðlþ 2ÞðpN=2Þ�ðlþ2Þ
t�2

� cosðpNt=2ÞjNðtÞð1þ aN;3ðtÞÞ; ð2:6Þ

where jaN;3ðtÞjpCðN�1=3ð1þ ðNt2Þ�1Þ þ ðNð1� t2ÞÞ�1Þ:
(d) If 0ojtjo1; l40; and N ¼ 2n; NAN; then

jtjl � LNð fl; tÞ ¼ ð4=pÞsinðpl=2ÞC2ðlÞðpN=2Þ�ðlþ1Þ
t�1

� sinðpNt=2ÞjNðtÞð1þ aN;4ðtÞÞ; ð2:7Þ

where jaN;4ðtÞjpCðN�1=3ð1þ ðNt2Þ�1Þ þ ðNð1� t2ÞÞ�1Þ:

To prove Theorem 4, we apply Bernstein’s approach, developed in 1937 for
interpolation with the Chebyshev nodes [3] (see also [8,20]), to equidistant
interpolation.
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Theorem 4 provides the uniform asymptotics for jtjl � LNð fl; tÞ in the interval
jtjp1� aN=N; where 0paNpN and limN-N aN ¼ N: The asymptotic formulae for

jtjl � LNð fl; tÞ at t ¼ 7ð1� aN=NÞ; where limN-N aN ¼ 0; are given below.

Theorem 5. Let jtj ¼ 1� aN=N; where limN-N aN ¼ 0:
(a) If N ¼ 2n � 1; nAN; and l4� 2; then for N-N;

jtjl � LNð fl; tÞ ¼ ð�1ÞðNþ1Þ=2sinðpl=2ÞC1ðlþ 2ÞðpN=2Þ�ðlþ5=2Þ

� aNN�aN=22Nþ1ð1þ oð1ÞÞ: ð2:8Þ

(b) If N ¼ 2n; nAN; and l40; then for N-N;

jtjl � LNð fl; tÞ ¼ ð�1ÞN=2þ1sinðpl=2ÞC2ðlÞðpN=2Þ�ðlþ3=2Þ

� aNN�aN=22Nþ1ð1þ oð1ÞÞ: ð2:9Þ

Finally, we use Theorems 4 and 5 to establish an asymptotic relation for the
approximation error.

Theorem 6. If l40; then

DN;l :¼ max
jtjp1

j jtjl � LNð fl; tÞj

¼
A1N

�ðlþ5=2Þ2N=logNð1þ oð1ÞÞ; N ¼ 2n � 1-N;

A2N
�ðlþ3=2Þ2N=logNð1þ oð1ÞÞ; N ¼ 2n-N;

(
ð2:10Þ

where

A1 ¼ ð4=eÞjsinðpl=2ÞjC1ðlþ 2Þðp=2Þ�ðlþ5=2Þ; ð2:11Þ

A2 ¼ ð4=eÞjsinðpl=2ÞjC2ðlÞðp=2Þ�ðlþ3=2Þ: ð2:12Þ

Remark 1. Theorem 2 implies that for l40 and 0ojtjo1;
lim sup

N¼2n-N

jLNð fl; tÞj ¼ lim sup
N¼2n-N

jLNð fl; tÞj ¼ N:

This solves the problem on the behavior of L2n�1ð fl; tÞ as n-N for lAð0; 1	;
posed in [16].

Remark 2. We note that the constant on the right-hand side of (2.1) is surprisingly
related to the constant in Lagrange interpolation to fl with the Chebyshev nodes (see
[3,8,14]).

lim
N-N

Nlmax
jtjp1

j jtjl � L�
Nð fl; tÞj ¼ ð4=pÞjsinðpl=2ÞjC1ðlÞ:

Revers [17] believes that the constant in (2.1) is related to the Bernstein constant

Bl :¼ limN-N Nl infPAPN
maxjtjp1jflðtÞ � PðtÞj:
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Remark 3. Theorem 6 shows that the growth of DN;l is Nlþ1=2 slower than the order
of the magnitude of the Lebesgue constant jjLN jj whose asymptotic behavior

jjLN jjB2Nþ1=ðeNðlogN þ gÞÞ as N-N;

was established by Schönhage [19]. Here g ¼ 0:577y denotes Euler’s constant.

Remark 4. The exponential factor in Theorems 2 and 4 can be expressed through the
potential corresponding to the uniform distribution on ½�1; 1	 (see [12]):

ðð1þ tÞ1þtð1� tÞ1�tÞN=2 ¼ exp ðN=2Þ
Z 1

�1
logjt � yj dy þ N

� �
:

Remark 5. Theorems 2–6 are new even for l ¼ 1:

3. Proof of Theorem 4

The proof follows Lemma 1 in [8] (see also [3, pp. 92, 98–100]), though the
equidistant nodes require more detailed analysis than the Chebyshev ones.
To prove the theorem, we need two lemmas. The proof of the first one is outlined

in [3, p. 92], and a special case of the lemma is given in [8]. Here, for the convenience
of the reader, we give a proof of the following result.

Lemma 1. Let Pm�1APm�1 be the Lagrange interpolation polynomial to ð1� xÞs
on

½�1; 1	 at the nodes fxkgm
k¼1;�1px1o;?oxmp1; and let QdðxÞ :¼

Qd
k¼1ðx � xkÞ:

(a) If xmo1 and m4s4� 1; then for xA½�1; 1	;

ð1� xÞs � Pm�1ðxÞ ¼ �ð1=pÞ sin ps QmðxÞ
Z

N

1

ðz � 1Þs

ðz � xÞQmðzÞ
dz: ð3:1Þ

(b) If xm ¼ 1 and m4s40; then for xA½�1; 1	;

ð1� xÞs � Pm�1ðxÞ ¼ ð1=pÞsin ps ð1� xÞQm�1ðxÞ
Z

N

1

ðz � 1Þs�1

ðz � xÞQm�1ðzÞ
dz: ð3:2Þ

Proof. We first prove statement (a) of the lemma. Let Pm�1;aAPm�1 be the

interpolation polynomial to ða � xÞs on ½�1; 1	 at fxkgm
k¼1; where a41: By the

Hermite error formula for Lagrange interpolation,

ða � xÞs � Pm�1;aðxÞ ¼
QmðxÞ
2pi

lim
M-N

lim
e-0

Z
DM;e

ða � zÞs

ðz � xÞQmðzÞ
dz; ð3:3Þ

where ða � zÞs takes positive values for real zoa; s4� 1: Here, DM;e ¼
CM;e,Ce,De,D�e is a contour in C; oriented in a positive sense, where M and
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e;M4a4ða � 1Þ=24e40; are fixed numbers and

CM;e :¼ fz : jzj ¼ M; arcsinðe=MÞpjarg zjppg;

Ce :¼ fz : jz � aj ¼ e; p=2pjarg zjppg;

D7e :¼ fz ¼ x7ie : apxp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � e2

p
g:

Since the function hðzÞ :¼ ða�zÞs

ðz�xÞQmðzÞ satisfies the conditions

max
zACM;e

jhðzÞjpCMs�m�1; max
zACe

jhðzÞjpCes;

we have

lim
M-N

lim
e-0

Z
CM;e

hðzÞ dz ¼ lim
M-N

lim
e-0

Z
Ce

hðzÞ dz ¼ 0: ð3:4Þ

Next, by the limit relation

lim
e-0

ða � ðx þ ieÞÞs � ða � ðx � ieÞÞs ¼ �2i sin psðx � aÞs; xXa;

we obtain

lim
M-N

lim
e-0

Z
De

hðzÞ dz þ
Z

D�e

hðzÞ dz

� �
¼ �2i sin ps

Z
N

a

hðzÞ dz: ð3:5Þ

Then (3.3)–(3.5) yield the integral representation

ða � xÞs � Pm�1;aðxÞ ¼ ð1=pÞsin ps QmðxÞ
Z

N

a

ðz � aÞs

ðz � xÞQmðzÞ
dz ð3:6Þ

for xmo1: Finally, making the substitution z ¼ au in this integral and letting a-1þ
in (3.6), we obtain (3.1), by the Lebesgue-dominated convergence theorem.
Statement (b) can be proved similarly. &

In the next lemma we study the asymptotic behavior of some polynomials.

Lemma 2. (a) If nAN and jyjpn1=3; then

Yn

k¼1
1þ 4y2

p2ð2k � 1Þ2

 ! !�1

¼ ðcosh yÞ�1ð1þ bn;1ðyÞÞ; ð3:7Þ

Yn

k¼1
1þ y2

p2k2

� � !�1

¼ yðsinh yÞ�1ð1þ bn;2ðyÞÞ; ð3:8Þ

where 0pbn;jðyÞpCn�1=3; j ¼ 1; 2:

(b) If nAN and jtjo1; then

Yn

k¼1
1� 2n � 1

2k � 1t

� �2 !
¼ cosðpð2n � 1Þt=2Þj2n�1ðtÞð1þ bn;3ðtÞÞ; ð3:9Þ
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Yn

k¼1
1� n

k
t

� �2� �
¼ sinðpntÞ

pnt
j2nðtÞð1þ bn;4ðtÞÞ; ð3:10Þ

where jbn;jðtÞjpCðnð1� t2ÞÞ�1; j ¼ 3; 4:

Proof. (a) Using the product formulae for cosh y and sinh y [9, Section 1.431], we
obtain

1þ bn;1ðyÞ :¼ cosh y
Yn

k¼1
1þ 4y2

p2ð2k � 1Þ2

 ! !�1

¼
YN

k¼nþ1
1þ 4y2

p2ð2k � 1Þ2

 !

p exp ð4y2=p2Þ
XN

k¼nþ1
ð2k � 1Þ�2

 !
pexpðCy2=nÞp1þ Cn�1=3;

1þ bn;2ðyÞ :¼ sinh y y
Yn

k¼1
1þ y2

p2k2

� � !�1

¼
YN

k¼nþ1
1þ y2

p2k2

� �
p1þ Cn�1=3:

These inequalities yield (3.7) and (3.8).

(b) We first note that the asymptotic ð1þ y=nÞn ¼ eyð1þ Oð1=nÞÞ holds uniformly
in every interval ½�C;C	; where C is a fixed constant. Then using [7, Section 1.2] and
taking account of the asymptotic formula for the gamma function [7, Section 1.18],
we obtain after easy manipulations

cos
pð2n � 1Þt

2

� ��1Yn

k¼1
1� 2n � 1

2k � 1 t

� �2 !

¼
Gðnð1þ tÞ þ 1�t

2 ÞGðnð1� tÞ þ 1þt
2 Þ

ðGðn þ 1=2ÞÞ2

¼
ðnð1þ tÞ þ 1�t

2 Þ
nð1þtÞþð1�tÞ=2ðnð1� tÞ þ 1þt

2 Þ
nð1�tÞþð1þtÞ=2

nðn þ 1=2Þ2n
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p 1þ O
1

nð1� t2Þ

� �� �

¼ en2nð1þ tÞnð1þtÞþð1�tÞ=2ð1� tÞnð1�tÞþð1þtÞ=2

ðn þ 1=2Þ2n
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p 1þ O
1

nð1� t2Þ

� �� �

¼ j2n�1ðtÞ 1þ O
1

nð1� t2Þ

� �� �
:
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Thus (3.9) follows. Similarly by [7, Sections 1.2 and 1.18],

Yn

k¼1
1� n

k
t

� �2� �

¼ sinðpntÞ
pnt

ðn!Þ�2Gðnð1þ tÞ þ 1ÞGðnð1� tÞ þ 1Þ

¼ sinðpntÞ
pnt

ðnð1þ tÞ þ 1Þnð1þtÞþ1ðnð1� tÞ þ 1Þnð1�tÞþ1

n
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p 1þ O
1

nð1� t2Þ

� �� �

¼ sinðpntÞ
pnt

j2nðtÞ 1þ O
1

nð1� t2Þ

� �� �
:

This yields (3.10). &

Proof of Theorem 4. (a) and (c): Let tA½�1; 1	; l4� 2; and N ¼ 2n � 1;NAN: We
first consider the following nodes:

xn�kþ1 :¼ 1� 2ðð2k � 1Þ=ð2n � 1ÞÞ2; k ¼ 1;y; n:

Then xno1 and by Lemma 1(a) for m ¼ n4s4� 1;

ð1� xÞs � Pn�1ðxÞ

¼ �ð1=pÞsin ps
Yn

k¼1
x � 1þ 2 2k � 1

2n � 1

� �2 !
Z

N

1

ðz � 1Þs

ðz � xÞ
Qn

k¼1ðz � 1þ 2ð2k�1
2n�1Þ

2Þ
dz:

Making the substitution z ¼ 1þ 2ð 2y
pð2n�1ÞÞ

2 in this integral, we arrive at the identity

ð1� xÞs � Pn�1ðxÞ

¼ �ð2sþ2=pÞsin ps ðpð2n � 1Þ=2Þ�ð2sþ2Þ ð2n � 1Þ2n

2n
Qn

k¼1ð2k � 1Þ2

�
Yn

k¼1
x � 1þ 2 2k � 1

2n � 1

� �2 !

�
Z

N

0

y2sþ1

ð1� x þ 2ð 2y
pð2n�1ÞÞ

2Þ
Qn

k¼1ð1þ
4y2

p2ð2k�1Þ2Þ
dy: ð3:11Þ

Next we make the substitutions x ¼ 1� 2t2 and s ¼ l=2 in (3.11) and note that

L2n�1ð fl; tÞ ¼ 2�sPn�1ð1� 2t2Þ; tA½�1; 1	: ð3:12Þ
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Thus (3.11) and (3.12) yield

jtjl � L2n�1ð fl; tÞ

¼ �ð2=pÞsinðpl=2Þðpð2n � 1Þ=2Þ�ðlþ2Þ

�
Yn

k¼1
1� 2n � 1

2k � 1t

� �2 !Z
N

0

ylþ1

ðt2 þ ð 2y
pð2n�1ÞÞ

2Þ
Qn

k¼1ð1þ
4y2

p2ð2k�1Þ2Þ
dy :

ð3:13Þ

To prove statements (a) and (c), we need to find the asymptotic behavior of the
integral InðtÞ on the right-hand side of (3.13). Splitting InðtÞ into two integrals, we
obtain

InðtÞ ¼
Z n1=3

0

þ
Z

N

n1=3
¼ In;1ðtÞ þ In;2ðtÞ: ð3:14Þ

Note that for 0pjtjo1; l4� 2; and nXm :¼ ½ðlþ 7Þ=2	 þ 1; where ½x	 denotes the
integer part of x; we have

In;2ðtÞpCn2
Z

N

n1=3

yl�1Qm
k¼1ð1þ

4y2

p2ð2k�1Þ2Þ
dypCn2þðl�2mÞ=3pCn�1=3: ð3:15Þ

Hence for tA½0; 1Þ and l40;

In;2ðtÞpCn�1=3
Z

N

0

ylþ1

ðt2 þ ð 2y
pð2n�1ÞÞ

2Þðey þ e�yÞ
dy: ð3:16Þ

Further by (3.7), we have for tA½0; 1Þ and l40;

In;1ðtÞ ¼ 2ð1þ Oðn�1=3ÞÞ
Z n1=3

0

ylþ1

ðt2 þ ð 2y
pð2n�1ÞÞ

2Þðey þ e�yÞ
dy

¼ 2ð1þ Oðn�1=3ÞÞ
Z

N

0

ylþ1

ðt2 þ ð 2y
pð2n�1ÞÞ

2Þðey þ e�yÞ
dy: ð3:17Þ

Combining (3.13) with (3.9), (3.14), (3.16) and (3.17), we then obtain (2.4).
If 0ojtjo1; l4� 2; then (3.15) implies

In;2ðtÞpCn�1=3C1ðlþ 2Þ=t2: ð3:18Þ

Next by (3.7),

In;1ðtÞ ¼ ð2=t2Þð1þ Oðn�1=3ÞÞ
Z n1=3

0

ylþ1

ey þ e�y
dy � anðtÞ

 !
; ð3:19Þ

where

anðtÞ :¼
Z n1=3

0

ylþ1ð 2y
pð2n�1ÞÞ

2

ðt2 þ ð 2y
pð2n�1ÞÞ

2Þðey þ e�yÞ
dypCn�4=3C1ðlþ 2Þ=t2: ð3:20Þ
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It follows from (3.14), (3.18)–(3.20) that

InðtÞ ¼ ð2C1ðlþ 2Þ=t2Þð1þ a�nðtÞÞ; ð3:21Þ

where ja�nðtÞjpCn�1=3ð1þ ðnt2Þ�1Þ:
Thus (3.9), (3.13) and (3.21) yield (2.6). This establishes statements (a) and (c).
(b) and (d). The proof is similar to that of statements (a) and (c). Let

tA½�1; 1	; l40; and N ¼ 2n; nAN: Then the nodes xn�kþ1 ¼ 1� 2ðk=nÞ2; k ¼
0; 1;y; n; satisfy the conditions of Lemma 1(b) for m ¼ n þ 14s40; and by (3.2),

ð1� xÞs � PnðxÞ ¼ ð1=pÞsin ps ð1� xÞ
Yn

k¼1
ðx � 1þ 2ðk=nÞ2Þ

�
Z

N

1

ðz � 1Þs�1

ðz � xÞ
Qn

k¼1ðz � 1þ 2ðk=nÞ2Þ
dz:

Making the substitutions z ¼ 1þ 2ðy=ðpnÞÞ2; x ¼ 1� 2t2; and s ¼ l=2; and taking
account of the identity

L2nð fl; tÞ ¼ 2�sPnð1� 2t2Þ;
we arrive at

jtjl � L2nð fl; tÞ ¼ ð2=pÞsinðpl=2ÞðpnÞ�l
Yn

k¼1
ð1� ðnt=kÞ2Þ

�
Z

N

0

t2yl�1

ðt2 þ ð y
pn
Þ2Þ
Qn

k¼1ð1þ
y2

p2k2Þ
dy:

Next using (3.8), we can find the asymptotic behavior of the integral InðtÞ on the
right-hand side of this identity similarly to (3.14), (3.16) and (3.17) if 0pjtjo1 and
similarly to (3.18), (3.19) and (3.21) if 0ojtjo1: Finally by (3.10), we obtain (2.5)
and (2.7). &

4. Proofs of Theorems 1–3, 5 and 6

Proof of Theorem 1. Choosing t ¼ 0 in (2.4), we obtain

L2n�1ð fl; 0Þ ¼ ð4=pÞsinðpl=2Þðpð2n � 1Þ=2Þ�l
C1ðlÞð1þ Oðn�1=3ÞÞ:

Hence (2.1) follows. &

Proof of Theorem 2. Asymptotic formulae (2.6) and (2.7) show that strong
asymptotics (2.2) and (2.3) immediately follow from the relations

lim sup
n-N

jcosðpð2n � 1Þt=2Þj ¼ cðtÞ; lim sup
n-N

jsinðpntÞj ¼ sðtÞ; ð4:1Þ

where 0ojtjo1:
To prove (4.1), we consider the following cases:
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Case 1: We first suppose that t is irrational. Then the sequences fntðmod 1ÞgNn¼1
and fð2n � 1Þt=2ðmod 1ÞgNn¼1 are dense in ½0; 1	 by [6], there exist two increasing
subsequences fnkðtÞgNk¼1 and frkðtÞgNk¼1 of indices such that

lim
k-N

jcosðpð2nk � 1Þt=2Þj ¼ lim
k-N

jsinðprktÞj ¼ 1: ð4:2Þ

Case 2: Now, let

t ¼ p=m; ð p;mÞ ¼ 1; jpjAN; mAN; 1pjpjom: ð4:3Þ

If m is even, then for rkðtÞ :¼ mk þ m=2;

jsinðprktÞj ¼ 1; k ¼ 1; 2;y : ð4:4Þ

Further, if m is odd, then by elementary properties of congruence modulo m [6],
there exists d1ðtÞAN; 1pd1ðtÞpm � 1; satisfying d1p � ½m=2	 þ 1 ðmodmÞ: Hence
we have

sup
nAN

jsinðpntÞj ¼ sup
0pdpm�1

jsinðpdp=mÞj ¼ sinðpð½m=2	 þ 1Þ=mÞ

¼ sinðpd1p=mÞ

¼ cos p
2m

: ð4:5Þ

Note too that for rkðtÞ :¼ mk þ d1ðtÞ;

jsinðprktÞj ¼ cos
p
2m

; k ¼ 1; 2;y :

Together with (4.2), (4.4) and (4.5) this yields the second relation in (4.1).
Assume now that (4.3) holds and p is even. Then for nkðtÞ :¼ ð1þ mð2k � 1ÞÞ=2;

jcosðpð2nk � 1Þt=2Þj ¼ 1; k ¼ 1; 2;y : ð4:6Þ

Further, if p is odd, then there exists d2ðtÞAN; 1pd2ðtÞpm � 1; satisfying
ð2d2 � 1Þp � 2m � 1 ðmod 2mÞ: Hence we have

sup
nAN

jcosðpð2n � 1Þt=2Þj ¼ sup
1pdpm�1

cos p
ð2d � 1Þp
2m

� �
 ¼ cos p

ð2d2 � 1Þp
2m

� �


¼ cos p
2m � 1
2m

� �
 ¼ cos

p
2m

: ð4:7Þ

Note too that for nkðtÞ :¼ mk þ d2ðtÞ;

jcosðpð2nk � 1Þt=2Þj ¼ cos
p
2m

; k ¼ 1; 2;y : ð4:8Þ

Then (4.2), (4.6), (4.7) and (4.8) yield the first relation in (4.1). This proves the
theorem. &
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Proof of Theorem 5. We first note that for jtj ¼ 1� bn=n; where limn-Nbn ¼ 0; the
following asymptotics hold as n-N:

Yn

k¼1
1� 2n � 1

2k � 1t

� �2 !

¼ cosðpð2n � 1Þt=2ÞGðnð1þ tÞ þ ð1� tÞ=2ÞGðnð1� tÞ þ ð1þ tÞ=2Þ
ðGðn þ 1=2ÞÞ2

¼ ð�1Þnþ1sin
pbnð2n � 1Þ

2n

� �
Gð2n � bn þ bn=ð2nÞÞ

ðGðn þ 1=2ÞÞ2
ð1þ oð1ÞÞ

¼ ð�1Þnþ1pbn

ffiffiffiffiffiffi
2p

p
ð2n � bn þ bn=ð2nÞÞ2n�bnþbn=ð2nÞðn þ 1=2Þe2nþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n � bn þ bn=ð2nÞ
p

e2n�bnþbn=ð2nÞð2pÞ ðn þ 1=2Þ2nþ1 ð1þ oð1ÞÞ

¼ ð�1Þnþ1
ep1=2bn2

2n�1n2n

ðn þ 1=2Þ2n
n1=2þbn

ð1þ oð1ÞÞ ¼ ð�1Þnþ1p1=2bnn�ð1=2þbnÞ22n�1ð1þ oð1ÞÞ:

Together with (3.13) and (3.21) this yields for N ¼ 2n � 1-N;

jtjl � L2n�1ð fl; tÞ

¼ �ð2=pÞsinðpl=2Þðpð2n � 1Þ=2Þ�ðlþ2Þ

�
Yn

k¼1
1� 2n � 1

2k � 1 t

� �2 !
ð2C1ðlþ 2Þ=t2Þ ð1þ a�nðtÞÞ

¼ ð�1ÞðNþ1Þ=2sinðpl=2ÞC1ðlþ 2ÞðpN=2Þ�ðlþ5=2ÞaNN�aN=22Nþ1ð1þ oð1ÞÞ:

Thus (2.8) follows. Similarly, for jtj ¼ 1� bn=n with limn-N bn ¼ 0; we obtain the
following asymptotics as n-N:

Yn

k¼1
1� n

k
t

� �2� �
¼ sinðpntÞ

pnt
ðn!Þ�2Gðnð1þ tÞ þ 1ÞGðnð1� tÞ þ 1Þ

¼ ð�1Þnþ1sinðpbnÞ Gð2n � bn þ 1Þ
pn ðn!Þ2

ð1þ oð1ÞÞ

¼ ð�1Þnþ1ðbn=nÞ
ffiffiffiffiffiffi
2p

p
ð2n � bn þ 1Þ2n�bnþ1e2n

ð2n � bn þ 1Þ1=2e2n�bnþ1ð2pÞ n2nþ1
ð1þ oð1ÞÞ

¼ ð�1Þnþ1p�1=2bnn�ð3=2þbnÞ 22nð1þ oð1ÞÞ:

Now, (2.9) is a consequence of the corresponding asymptotics for

jtjl � L2nð fl; tÞ: &

Proof of Theorem 6. Let N ¼ 2n � 1 and let tNAð�1; 1Þ satisfy the equality

DN;l ¼ j jtN jl � LNð fl; tNÞj: ð4:9Þ
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We first prove that

lim
N¼2n�1-N

Nð1� t2NÞ ¼ 0: ð4:10Þ

Note that for any increasing sequence fNkgNk¼1 of positive odd numbers, the lower
estimate

DNk ;lXCN
�ðlþ5=2Þ
k 2Nk=logNk ð4:11Þ

holds for all large enough Nk: This follows from (2.8) if we set aN ¼ 1=logN:
Next, we have for large enough odd N that jtN jA½1=2; 1	: Indeed, if there exists a

sequence ftNk
gNk¼1 satisfying jtNk

jp1=2; k ¼ 1; 2;y; then it follows from (2.4) and

the monotonicity of cNðtÞ :¼ ðð1þ tÞ1þtð1� tÞ1�tÞN=2 on the interval ½0; 1Þ that

DNk ;lpCN�l
k cNk

ð1=2ÞpCN�l
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffi
3

p
=2

q� �Nk

pCN�l
k ð1:14ÞNk ; k ¼ 1; 2;y :

This is a contradiction to (4.11).
Further, we need the following property of jN : for each B40 there exists N0 such

that for N4N0; jN is increasing in ½0; 1� B=N	: Indeed,

ðj2NðtÞÞ
0 ¼ ðð1þ tÞ1þtð1� tÞ1�tÞN �2t þ Nð1� t2Þlog1þ t

1� t

� �
;

and for 0ot2p1� 1=N;

�2t þ Nð1� t2Þlog 1þ t

1� t
42tðNð1� t2Þ � 1ÞX0:

If 1� 1=Not2pð1� B=NÞ2; then for all large N

�2t þ Nð1� t2Þlog 1þ t

1� t
X� 2t þ ð2B � B2=NÞlogN40:

This yields the property.
To prove (4.10), we assume that there exists an increasing sequence Nk ¼ 2nk � 1;

such that jtNk
jX1=2; k ¼ 1; 2;y; and infkANNkð1� t2Nk

ÞXA40:
Then 1=2pjtNk

jp1� A=ð2NkÞ; and it follows from (2.6) and the monotonicity of

jNk
in ½0; 1� A=ð2NkÞ	 that for all large odd Nk;

DNk ;lpCð1þ aNk ;3ðtNk
ÞÞN�ðlþ2Þ

k jNk
ðtNk

ÞpCN
�ðlþ2Þ
k jNk

ð1� A=ð2NkÞÞ: ð4:12Þ

Note that aNk ;3ðtNk
Þ in (4.12) is uniformly bounded because Nkð1� t2Nk

ÞXA40:Now
using the inequality

jNk
ð1� yÞp

ffiffiffi
2

p
2Nk yðyNkþ1Þ=2; yAð0; 1Þ;

for y ¼ A=ð2NkÞ; we obtain from (4.12)

DNk ;lpCN
�ðlþ5=2þA=4Þ
k 2Nk :

Since A40; this inequality is a contradiction to (4.11). Thus (4.10) follows.
Furthermore, setting gN :¼ Nð1� t2NÞ; we have tN ¼ 1� aN=N; where aN :¼

Nð1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� gN=N

p
Þ: Then by (4.10), limN¼2n�1-N aN ¼ limN¼2n�1-N gN ¼ 0:
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Applying now Theorem 5(a) for t ¼ tN ; we obtain

lim
N¼2n�1-N

DN;l

aNN�ðlþ5=2þaN=2Þ2N
¼ 2jsinðpl=2ÞjC1ðlþ 2Þðp=2Þ�ðlþ5=2Þ: ð4:13Þ

Since for N41;

aNN�aN=2pmax
yX0

yN�y=2 ¼ ð2=logNÞN�1=log N ¼ ð2=eÞðlogNÞ�1;

we deduce from (4.13)

lim sup
N¼2n�1-N

DN;l

N�ðlþ5=2Þ2N=logN
pA1; ð4:14Þ

where A1 is defined by (2.11).

On the other hand, choosing t�N ¼ 1� ð2N logNÞ�1 and using (2.8) for aN ¼
ð2 logNÞ�1; we obtain

lim inf
N¼2n�1-N

DN;l

N�ðlþ5=2Þ2N=logN
X lim

N¼2n�1-N

j jt�N j
l � LNð fl; t�NÞj

N�ðlþ5=2Þ2N=logN
¼ A1: ð4:15Þ

Thus (4.14) and (4.15) yield (2.10) for N ¼ 2n � 1: Similarly, using (2.5), (2.7),
(2.9), and (2.12), we arrive at (2.10) for N ¼ 2n: &

Proof of Theorem 3. We first note that the theorem follows from statements (c) and
(d) of Theorem 4 if we prove that the limit relations

lim
n-N

jcosðpð2n � 1Þt=2Þj1=ð2n�1Þ ¼ 1; ð4:16Þ

lim
n-N

jsinðpntÞj1=ð2nÞ ¼ 1 ð4:17Þ

hold for a.e. tA½�1; 1	:
To prove (4.16) and (4.17), we need the following fact from the metrical theory of

diophantine approximation [10]: for a.e. tA½�1; 1	 the set of all solutions ðk; nÞ to the
inequality jt � k=njpn�3 is finite.
This statement implies that for a.e. tA½�1; 1	 there exists n0ðtÞ such that for every

rational number k=n with n4n0ðtÞ; the following inequality holds:

njt � k=njXn�2: ð4:18Þ

Next, let k ¼ kðtÞ be a closest integer to nt: Then njt � k=njp1=2; and using (4.18)
for a.e. tA½�1; 1	 and n4n0ðtÞ; we have

jsinðpntÞj ¼ sinðpnjt � k=njÞX2njt � k=njX2n�2:

Hence (4.17) follows.
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Similarly, if k1 ¼ k1ðtÞ is the closest odd integer to ð2n � 1Þt; then ð2n � 1Þjt �
k1=ð2n � 1Þjp1: Using (4.18) for a.e. tA½�1; 1	 and 2n � 14n0ðtÞ; we obtain

cos
pð2n � 1Þt

2

� �
 ¼ sin pð2n � 1Þ

2
t � k1

2n � 1




� �

X ð2n � 1Þ t � k1

2n � 1


Xð2n � 1Þ�2:

This yields (4.16). &
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